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ABSTRACT: In this work, molecular simulations are conducted to provide details of the underlying
micromechanisms governing the observed macroscopic behavior of elastomeric materials. The polymer
microstructure is modeled as a collection of unified atoms interacting by two-body potentials of bonded
and nonbonded type. Representative volume elements (RVESs) containing a network of 200 molecular
chains of 100 bond lengths are constructed. The evolution of the RVEs with uniaxial deformation was
studied using a molecular dynamics technique. The simulations enable observation of structural features
with deformation including bond lengths and angles as well as chain lengths and angles. The simulations
also enable calculation of the macroscopic stress—strain behavior and its decomposition into bonded and
nonbonded contributions. The distribution in initial end-to-end chain lengths is consistent with Gaussian
statistics treatments of rubber elasticity. It is shown that application of an axial strain of +0.7 (a
logarithmic strain measure is used) only causes a change in the average bond angle of +£5°, indicating
the freedom of bonds to sample space at these low to moderate deformations; the same strain causes the
average chain angle to change by +20°. Randomly selected individual chains are monitored during
deformation; their individual chain lengths and angles are found to evolve in an essentially affine manner
consistent with Gaussian statistics treatments of rubber elasticity. The average chain length and angle
are found to evolve in a manner consistent with the eight-chain network model of rubber elasticity. Energy
quantities are found to remain constant during deformation consistent with the nature of rubber elasticity
being entropic in origin. The stress—strain response is found to have important bonded and nonbonded
contributions. The bonded contributions arise from the rotations of the bonds toward the maximum

principal stretch axis(es) in tensile (compressive) loading.

1. Introduction

The macromolecular network structure of elastomeric
materials provides the ability of these materials to
undergo large strain, nonlinear elastic deformations.
The underlying structure is essentially one of long,
randomly oriented molecular chains in a network ar-
rangement due to sparse cross-linking between the long
chain molecules; furthermore, the intermolecular inter-
actions are weak. The nature of this structure results
in a stress—strain behavior that is governed by changes
in configurational entropy as the randomly oriented
molecular network becomes preferentially oriented with
stretching. The essence of this behavior has been well-
modeled by statistical mechanics treatments of rubber
elasticity (for example, see Treloar® for a review). In this
work, we first provide a brief review of a few selected
models of rubber elastic deformation for purpose of later
comparison, and we then present a molecular dynamics
(MD) simulation of an elastomeric network and its
deformation. The MD simulation provides detailed
insight into the initial molecular network structure as
well as the evolution of the network with deformation
and the resulting stress—strain behavior. The relation-
ships between the structural evolution observed in the
MD simulations and that predicted by classical statisti-
cal mechanics models of rubber elasticity are also
discussed.
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2. Statistical Mechanics Constitutive Models

An excellent review of the development of statistical
mechanics treatments of rubber elasticity is given in
Treloar.! Here a cursory review is provided for the
purpose of later comparisons. The statistical mechanics
approach begins by assuming a structure of randomly
oriented long molecular chains. In the Gaussian treat-
ment?3 the distribution of the end-to-end length, I, of a
chain is given by P(l): where n is the number of links in

3/2 2
P(l) = 4n(2ni b2) |2exp(—2i'b2) (1)

the chain and b is the length of each link. The average
initial chain length, lo, is given by the root-mean-square
value of I:

lo = 0P = bvn @

When deformation is applied, the chain structure
stretches. If one considers the deformation of an as-
sembly of N chains per unit reference volume by a
principal stretch state (11, 12, 43) and the deformation
is such that the chain length | does not approach its
fully extended length Inax = nb, then the elastic strain
energy density function, W, can be derived from the
change in configurational entropy:

W= %chBeaf + 2,24 2,2 — 3) 3)
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Figure 1. Different chain topologies: (a) three-chain; (b)
eight-chain; (c) full network.

where kg is Boltzmann'’s constant and 6 is the absolute
temperature. The stress—stretch relationship is then
found by differentiating the strain energy density func-
tion.

The derivation of eq 3 relies on | < nb. At deforma-
tions where | begins to approach the fully extended
length, the non-Gaussian nature of the chain stretch
must be taken into account. Kuhn and Griin* accounted
for the finite extensibility of chain stretch using Lan-
gevin chain statistics. To incorporate these more ac-
curate chain statistics into a constitutive framework, it
is necessary to have a model that relates the chain
stretch to the applied deformation; this is accomplished
by assuming a representative network structure. Three
network models are shown in Figure 1.

The unit cell used in each of these models is taken to
deform in principle stretch space; the models differ in
how the deformation of the chains is related to the
deformation of the unit cell. In the “three-chain” model,®
the chains are located along the axes of the cell; in the
“eight-chain” model,® the chains are located along the
diagonals of the unit cell; and in the full-network or total
assembly of chains model,”8 the chains are assumed to
be randomly distributed in space and all chains are
taken to deform in an affine manner. Of these models,
the eight-chain representation appears to give the best
predictions when compared to experimental data.®® The
strain energy density for the Arruda—Boyce eight-chain
model (assuming incompressibility) is given by

_ _ sinh
W = Nk6 \/ﬁ[ﬁlcham Jn In(—ﬂ )] 4)
where
/‘Lchain = \/%(/112 + /122 + /132) (5)
A
— L—1 chaln) 6
/ ( /n ©

where Achain IS the stretch in each chain in the network
and L~1(x) is the inverse Langevin function that can be
estimated from

L7(x) =
1.31446 tan(1.58986x) +
0.91209x,
1/(sin(x) — x),

if x| < 0.84136,

if 0.84136 < |x| <1
()
We note that these models capture the equilibrium

behavior of rubber elastic materials. The nonequilibrium
behavior results in the time-dependent and hysteretic
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behavior of elastomers. Constitutive models have also
been proposed for the nonequilibrium behavior (see, for
example, Bergstrom and Boyce?).

The success of the statistical mechanics models of
rubber elasticity can now be explored in detail using
molecular level modeling. Below, simulation of the
structure and the deformation of an elastomeric network
are presented; results are compared to the models
presented above where possible.

3. Molecular Model Description

One of the most important choices when developing
a molecular simulation code is the decision of what
potential energies to use. To a large extent the physical
behavior of a material is governed by the nature of the
interatomic interaction, by the potential energies of the
interactions. When one is studying the mechanical
properties of a polymeric material, however, the behav-
ior is mainly governed by the topological features of the
microstructure such as network structure and entangle-
ments, and using a coarse graining procedure can
therefore be a successful approach. To optimize the
simulation code for speed, it is desirable to use potential
energies that are as simple as possible, while still
keeping the necessary chainlike features of the polymer
microstructure. In this work the focus is on cross-linked
polymeric systems above the glass transition tempera-
ture; the behavior of glassy polymers using similar
techniques has recently been studied by Chui and
Boyce.19 Gao and Weiner!112 have also used a similar
approach on much simpler chain systems to study the
role of nonbonded interactions on rubber elasticity
theory. Above the glass transition temperature, the
thermal energy is high, and it is possible to neglect the
energy associated with bond angle rotations and tor-
sions. It is therefore sufficient to use simple bonded and
nonbonded potentials when representing the micro-
structure, as also done in Gao and Weiner.1%12 There-
fore, in some sense, the chain can be considered “freely
jointed”; however, the model presented here does ac-
count for bond stretching and Lennard—Jones interac-
tions, and in its strictest sense, the freely jointed chain
has fixed bond lengths and no restrictions on bond or
torsion angles.??2 The bonded potential is here taken as
a linear harmonic spring

UtOt_ E _b2 8
B_Zz[ra ] )
ae

where the sum is over all bonds «, cg is the spring
stiffness, b the bond length at zero force, and r, the
length of bond o.. The interchain potential is represented
with a shifted and truncated Lennard—Jones potential23

U= > Ui(r) 9)

oenb

where the sum is over all pairs of atoms a, unless the
pair of atoms are nearest chain neighbors, and where

U () =

A\12 A\6 1\12 1\e] .
L7 o I o B | LR
0 otherwise
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In eq 10, €_; is the Lennard—Jones potential strength,
rc is the cutoff distance, A is the excluded volume
parameter, and r.A is the interaction distance.

In molecular simulations, computation time is domi-
nated by the calculation of the potential energies or
gradients of the potential energies. Direct computation
of these terms scale as N2, where N is the number of
atoms. To minimize the computational effort, a cutoff
distance, r, is implemented such that all interactions
at r > r¢ are ignored. Different techniques can be used
to monitor which atoms are within the cutoff distance.
The two techniques used here are the Verlet neighbor
list'® and the link-cell method.™

In molecular simulations, it is often convenient to
express quantities in reduced units. This means that a
convenient set of base variables is chosen and then all
other quantities are normalized with respect to these
base variables. A natural choice for base variables in
this case is as follows: m (atom mass), 0 (temperature),
b (bond length), and kg (Boltzmann’s constant). Normal-
ized base units can then be written

[energy] £ kg6 (12)
kg
[force] = e (12)
2
[time] = T—be (13)
B
kg6
[velocity] = % (14)
R A kBB
[acceleration] = mb (15)

Reduced variables, denoted with a tilde, can then be
expressed in terms of these reduced base units, e.g., T
= Cp(kpO/b?). The most important reason for introducing
reduced units is that infinitely many combinations of
the input variables correspond to the same state in
terms of reduced units.

The cross-linking procedure used in this work is
similar to that used by Duering.® First, a melt of linear
monodispersed chains is generated and reactive tetra-
functional groups added to all chain ends. The network
structure is then generated by running an initial Monte
Carlo based cross-linking step during which chain ends
that are within a predefined distance from each other
are permanently attached. To further speed up the
cross-linking step an artificial potential energy is in-
troduced between all chain ends

S = Ueu(ry) (16)
oece
where the sum is over all pairs of chain ends and where
—Kero
Ueu(r) =— (17)

a

The constant K¢ determines the strength of the cross-
linking potential, and ¢ is 1 if the sum of the current
functionalities of the two chain ends is less than or equal
to 4 and ¢ is —1 otherwise. In some simulations, both
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the reduced density and the temperature were increased
to further facilitate the cross-linking procedure.

Calculation of stresses can be accomplished with the
virial stress theorem from statistical mechanics (for
example, Gao and Weiner'?). For a system of atoms
interacting with two-body potentials, the Cauchy stress
is given by?*

ai aj BUtOt alrajaUmt
—Nkg6d;; + Z
r, or,

(18)

where V is the volume of the RVE, N is the number of
atoms in the RVE, r, is the distance between the pair
of atoms «a, ry is the ith component of ry, and [0
represent ensemble or time average. Using eq 18 the
stresses in the three axial directions can be calculated.
In NV6 simulations (often called NVT simulations, but
T is here used to symbolize Cauchy stress), the volume
is held constant, which can give rise to a pressure.
Therefore, in incompressible uniaxial deformation the
stresses also contain a pressure contribution, i.e. this
hydrostatic stress needs to be taken into account giving
the axial stress as 0 = Ty — Yo(Tyy + T2).

Once the initial network structure and the potential
energies have been specified, the prescribed boundary
displacements can be applied. A number of different
techniques can be used to apply the deformation; in this
work, a molecular dynamics algorithm has been em-
ployed. The details of this approach are described in the
next subsection.

3.1. Molecular Dynamics Algorithm. The MD
simulations consider a canonical ensemble (N,V,6). The
(N,V,0) ensemble necessitates a modification of the
equations of motion with an additional degree of free-
dom representing a kinetic mass!6.17

dri_ i c[LN 19
miF_ ar, nvi, 1€[LN] (19)

where m; is the mass of unified atom i, and r;j is the
position, v; is the velocity, and U is the total potential
energy. The evolution of the parameter # is given by

0= é[va — (20)

where f is the number of degrees of freedom of the
system and Q a kinetic mass.

The numerical integration of egs 19 and 20 can be
performed in many different ways, one common method
is the Velocity Verlet algorithm which can be written!8

F(t+ A = () + Atvi(t) + 2 AT, M (21

Vit + A = vi(®) + Sa 0 + a(t+ At]  (22)

where a; is the acceleration. To use this algorithm in a
Nosé—Hoover based MD code it is necessary to rewrite
eq 19 as

aU(t + At)
or;

ma,(t + At) = — — 5t + Atv,(t + At)

(23)
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Table 1. Input Parameters Used in the Molecular
Simulations.

density, temp, cut-off excluded Kinetic spring
I3 0 dist, f; vol param, A mass, Q stiffness, Cg
0.85 2 14 1 500 800

Inserting this equation into eq 22 results in

Vi(t + At) = vy(t) +
A_t{—18U(t +At) gt + At)
m

2| m, or;

vi(t + At) + ai(t)} (24)

Solving for vi(t + At) gives

vi(t+ At)=|1+ W]l [vi(t) -
ﬁﬁm@;An+Aﬁﬁq(%)

The MD procedure then simply becomes the following:
1. Start with a given initial configuration: rj(t), vi(t),
ai(t).

2. Calculate ri(t + At) with eq 21.

. Calculate 5(t + At) = n(t) + Ati(t) + H(HAL3/2.
. Calculate vi(t + At) with eq 25.

. Calculate 7(t + At) with eq 20.

. Calculate aj(t + At) with eq 23.

. Calculate n(t + At) = 2> vi(t + At)ai(t + At).
. Save data and go to 2.

To start the MD simulation, both the initial velocities
and the initial accelerations of all atoms need to be
specified. The accelerations can all be taken to be zero,
but to get the right kinetic energy and therefore also
the temperature, it is sufficient to choose the velocity
components vix from the Gaussian distribution

) = & [5om—exp|
P ix. ZﬂkBGC p

co~NO Ol W

(26)

2
IX
2Kg0 ]

where p(vix) is the probability density for velocity
component viy.

4. Initial Structure

A well-equilibrated initial structure is constructed by
randomly generating a melt of all chains. The melt was
then allowed to relax for an extended amount of time
using a Monte Carlo (MC) method to make the system
reach a local energy minimum. The system was then
cross-linked using the MC-based cross-linking algorithm
described in section 3.

The size of the unit cell used in all simulations was
rather small containing only 2 x 10* unified atoms
configured into 200 chains; see the schematic represen-
tation in Figure 2.

In this figure, the diameter of the atoms has been
reduced to make it easier to distinguish the different
regions of the system. The input parameters used in the
simulations are summarized in Table 1. Results from a
representative simulation are presented in Figures 3—8.
Figure 3 illustrates that the number of free chains is
close to zero and that the number of dangling chain ends
is quite small.

The radial distribution function in the undeformed
state, plotted in Figure 4, demonstrates a peak at the
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first nearest neighbor distance. At larger distance the
spatial correlation becomes more random, causing g(r)
— 1.

To examine the initial structure of the simulated
system, Figure 5 shows the distribution of bond lengths
in the undeformed state illustrating that virtually all
bonds have a length between 0.9 and 1.1.

The distribution in chain lengths is shown in Figure
6. In this case each chain contained 100 bonds each of
length b = 1, and the figure shows that the average
chain length is 10.24, which is in agreement with the
random walk prediction 10 = by/n = 10 . The figure also
depicts the distribution obtained using Gaussian chain
statistics (see eq 1) illustrating that the simulated chain
length distribution is in good agreement with the
statistical mechanics theory.

The distribution in bond angles (the angle between
the bond vector and the axial direction) in the unde-
formed state is presented as a pole figure in Figure 7
demonstrating a uniform random distribution.

Figure 8 shows the distribution in chain angles (the
angle between the end-to-end vector of the chain and
the loading direction) again demonstrating a random
distribution.

As a final evaluation of the initial structure, the Kuhn
statistical segment length, by = 020, for the system
was calculated to be 1.232. This value is larger than 1
due to excluded volume interactions.

5. Tension Results

A representative volume element (RVE) containing
200 chains is now deformed in tension.?®> Results are
presented detailing the evolution in structure and the
evolution in stress—strain behavior with deformation.

The applied strain history used in the simulation is
shown in Figure 9.

In this case, the RVE was uniaxially deformed in
tension to a final true strain of e = 0.7 (a logarithmic
strain measure is used), after which the applied defor-
mation was removed with the same rate. In this and
the following figures, a dotted vertical line indicates the
beginning of a new loading segment. Figure 9 also
depicts three bond angle pole figures (looking down the
load axis), illustrating the point that during the defor-
mation the bond angles start to become aligned with
the loading direction.

The maximum, average, and minimum bond lengths
as a function of simulation time are shown in Figure
10 demonstrating that on average the bond lengths are
nearly constant with applied deformation.

This is also demonstrated in Figure 11 which shows
the average bond force as a function of simulation time.

As shown in the figure, on average the bonds are
under a compressive force in agreement with the results
from Gao and Weiner.12 The average bond force is also
observed to become less compressive with tensile strain.

The average bond angle as a function of deformation
history is shown in Figure 12.

If all bonds are initially randomly oriented the aver-
age bond angle is given by

7/2

[a= |, doe f;’qusarccos(cos ©cos ¢) cos O ~ 57.3°

which is in good agreement with the initial state of the
simulated system. Figure 12 also shows that even
though the RVE is stretched to a true strain of 0.7 (a
tensile stretch of 2.0), the average bond angle does not
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Figure 2. Distribution of atoms in the RVE in the undeformed state, N = 20 000.

change by more than about 6°. When the displacement
is reversed, the bond angles rotate back toward their
original position but overshoot the initial angle. The
effect of this on the stress—strain behavior will be shown
later.

The evolution in chain angle with deformation is
shown in Figures 13 and 14.

These figures show the evolution in average chain
angle (averaged over the 200 chains in the system) as
well as the evolution in the chain angle of six individual
chains. On average, the network chains are observed
to rotate toward the principal stretch direction. The
average chain angle evolves in a manner similar to that
of the average bond angle; note, however, that the
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Figure 3. Cross-linking of the RVE as a function of simulation
time (MC, 2 x 10* atoms, 200 chains).
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Figure 4. Radial distribution function of the simulated
system in the undeformed state.
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Figure 5. Bond length distribution in the undeformed state.

magnitude of the change of the average chain angle is
about 18°, which is significantly larger than the 5°
change in average bond angle. This small change in
bond angle indicates the freedom of sampling space at
the bond level, consistent with Gaussian statistics
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Figure 9. Applied strain history with bond angle pole figures.
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Figure 10. Maximum, average, and minimum bond lengths
as a function of simulation time during tensile loading and
unloading.
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Figure 11. Average bond force as a function of simulation
time during tensile loading and unloading.

assumptions (one would anticipate less freedom at
larger stretches). At both the initial deformation and
the strain reversal point, the average bond angle
undergoes a more rapid change than what is observed
for the average chain angle. This has direct impact on
the macroscopic stress—strain behavior, as will be
discussed later.

Figures 15 and 16 depict the evolutions in the end-
to-end distances of six individual chains (the evolution
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simulation time during tensile loading and unloading.
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Figure 13. Chain angles as a function of simulation time

during tensile loading and unloading.
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Figure 14. Chain angles as a function of simulation time
during tensile loading and unloading.

in chain angle for these same chains was reported
earlier in Figures 13 and 14).

Chains which are more closely aligned with the
tensile stretch axis (chains D, E, and F in Figures 14
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Figure 15. Chain end-to-end distance as a function of
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Figure 16. Chain end-to-end distance as a function of
simulation time during tensile loading and unloading.

and 16) are found to stretch as well as to rotate toward
the tensile axis. It is clear that, at any increment in the
deformation, these individual chains undergo large
fluctuations in end-to-end distance and angle, but each
tends toward stretching and rotating toward the prin-
cipal stretch direction. Chains which are initially nearly
orthogonal to the tensile axis (chains A and B in Figures
13 and 15) are not found to stretch and, in some cases,
to even reduce the end-to-end distance.

Figures 13—16 also include the affine deformation
prediction of the behavior of the six randomly selected
chains as well as the eight-chain network model predic-
tion of the effective network chain behavior. As dis-
cussed in section 2, the eight-chain model possesses
chains that lie along the diagonals of the cell; these
chains will stretch and rotate with the deformations of
the cell. For the case of uniaxial deformation, the stretch
of the representative chains is given by

122 + 213
;Lchain = T (27)

and the end-to-end distance is thus

I= ichainlo (28)
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Figure 17. Energies of the RVE as a function of simulation
time during tensile loading and unloading.

The chain angle is

A

VA% + 210

Figures 13—16 show the individual chains to deform
in a somewhat affine manner. While the chain end-to-
end lengths and angles do not evolve in a monotonic
manner in the MD simulations, the trend is to follow
the affine deformation result for these moderate
stretches. Chains D and E are found to rotate in an
affine manner but also to stretch considerably less than
predicted by affine assumptions; this is perhaps due to
their relatively extended initial lengths—early indication
of less affineness and the beginning of “non-Gaussian”
behavior. The MD computed average chain end-to-end
length and angle are found to compare favorably with
the eight-chain model predictions where the averaged
chain is stretching and rotating toward the principal
stretch direction similar to that predicted in the eight-
chain model. These comparisons would be interesting
to pursue into the non-Gaussian larger stretch region
to observe the breakdown in affine deformation of all
chains and the apparent robustness of the eight-chain
effective network representation in this regime.

So far the discussion has been limited to topological
properties of the molecular network, but from the
simulation it is possible to study a number of other
guantities as well. The variation in the different energy
guantities as a function of simulation time is shown in
Figure 17 illustrating that the Kinetic, bonded, and
nonbonded energies all stay virtually constant during
the simulation.

This observation is in agreement with traditional
rubber elasticity theory in which the deformation re-
sistance is entropy-based.

The variation in the pressure on the lateral sides of
the RVE as a function of simulation time is shown in
Figure 18.

Since the MD simulation is run at constant volume,
the pressure varies with deformation state, but as
shown in the figure, the change in lateral pressure is
relatively small compared to its overall level. Simula-
tions comparing NV with NVP show nearly identical
results'® in terms of structure and stress—strain be-
havior.

B = acos (29)
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Figure 19. Stress—strain response of the RVE during tensile

loading and unloading.

Figure 19 shows the simulated stress—strain response
illustrating the same qualitative features that are
observed in traditional experimental mechanical tests:
the tangent modulus is initially a decreasing function
of strain but soon becomes relatively constant (as long
as the strain is not too large such that the limited chain
stretch is approached), and at the strain reversal there
is a significant drop in stress, causing a hysteretic
energy loss. Note that the relatively stiff initial response
as well as the initial stiff unloading response correlates
with a rapid change in bond angle shown earlier in
Figure 12.

Figure 19 also depicts the bonded and nonbonded
contributions to the stress. Both are observed to increase
with strain. The nonbonded stress contributes roughly
twice as much to the total stress (at all strain levels)
than the bonded stress.?® The bonded contribution
shows significantly less hysteresis during unloading
than the nonbonded contribution.

Figure 20 depicts the decomposition of the unmodified
stress components. The unmodified axial stress (Txy) is
found to contain equal contributions from the bonded
and nonbonded sources where the bonded contribution
originates from the bonds rotating toward the principal
stretch direction. The lateral stresses arise from non-
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Figure 21. Applied strain history with bond angle pole
figures.

bonded contributions due to the constant volume con-
straint. Note that in this figure all stress components
have been vertically shifted so that they start from zero.
This procedure allows for a more direct comparison
between the changes in magnitudes of the different
stress components.

Note that the stress computation is not compared to
the stress that would be computed from equilibrium
rubber elasticity theories. The MD simulation clearly
displays high rate effects on the stress computation as
evidenced by the hysteresis observed during unloading.
Interestingly, MD simulations of stress relaxation find
the chain angles and lengths of the structure to evolve
with strain but remain static with time at fixed strain.
However, the bond angles we found to evolve with both
strain and time. This is consistent with proposed
continuum level constitutive models for time-dependent
behavior of elastomers® and is discussed further in the
appendix.

6. Compression Results

A representative volume element (RVE) containing
200 chains is now deformed in compression to a final
strain of —0.7. To allow for a direct comparison between
the tension and compression simulations the same
deformation rate was chosen as in the previous section;
see Figure 21.

The distribution of the bond angles in the simulation
cell is presented in the bond angle pole figures shown
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Figure 23. Average end-to-end angle for three chains during
compressive loading and unloading.

in Figure 21. From the pole figures it is clear that during
the compression segment the average bond angle in-
creases since on average the bonds rotate away from
the loading axis. This is further demonstrated in Figure
22 where the average bond angle is shown to be a strong
function of the applied deformation.

As in the tension case, the average bond angle only
undergoes a relatively small change during the defor-
mation; in this case, the average angle increases about
5°when the RVE is compressed to a true strain of —0.7.
Also similar to the tension case is the rapid change in
bond angles at the strain reversals and the overshoot
in bond angles at the end of the deformation cycle.

Figures 23 and 24 depict the evolution in chain angle
with deformation for six randomly selected chains as
well as the corresponding evolution in the average chain
angle; similarly, Figures 25 and 26 depict the evolution
in chain end-to-end length for the same six chains as
well as the averaged (over all 200 chains) behavior.
Chains initially nearly orthogonal to the loading axis
(chains a, b) are found to remain orthogonal and stretch
with the deformation; a chain initially at 70° is found
to rotate away from the loading axes toward the
principal stretch direction and to stretch. Chains ini-
tially oriented at angles less than 45° to the loading axis
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Figure 26. Average chain stretch for three chains during
compressive loading and unloading.

are observed to rotate away from the loading axis
toward the maximum principal stretch direction and
their lengths are found to remain relatively constant
or to even decrease with the applied strain. While the
individual chains exhibit the basic trend just discussed,
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Figure 27. Lateral pressure in the RVE as a function of
simulation time during compressive loading and unloading.

we note that the behavior is not monotonic but exhibits
sudden increases/decreases in chain angle and length
as deformation is monotonically increased.

The averaged chain behavior is found to monotoni-
cally stretch with applied strain and to monotonically
rotate toward the maximum principal stretch direction
away from the loading direction.

Figures 23—26 also depict the individual chain be-
haviors predicted assuming affine deformation of all
chains; the eight-chain model is used to predict the
averaged or effective chain behavior. The individual
chains are found to basically follow the affine deforma-
tion assumption. The averaged chain behavior is found
to be in excellent agreement with the eight-chain model
predictions, suggesting that the eight-chain model does
capture an effective network response, and this appears
to be the reason for its success (again, this would be
interesting to probe into the large strain non-Gaussian
regime of behavior).

The variation in lateral pressure (Figure 27) is similar
to the tension case. In compression, the lateral pressure
decreases a small amount, whereas in tension the
lateral pressure had increased a small amount with
strain (in both cases about 2.5%). These changes in
lateral pressure, although small, indicate that the
simulated material is not incompressible.

The compressive stress—strain behavior is shown in
Figure 28 and decomposed into bonded and nonbonded
contributions in Figure 29.

The stress—strain behavior is similar in character to
that obtained earlier in tension. The stress decomposi-
tion shows a strong bonded contribution to the lateral
stresses since the bonds are rotating toward these
directions whereas the unmodified axial stress (Tyxx) is
dominated by nonbonded contributions.

7. Conclusions

In polymer science, molecular dynamics (MD) or
Monte Carlo (MC) simulations are becoming important
tools for understanding structure property relationships.
In this work, it has been demonstrated that molecular
simulations can be a useful tool for studying the
mechanical behavior of elastomeric networks. By com-
paring results from MD simulations in both compression
and tension it has been shown that this type of simula-
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nonbonded contributions during compressive loading and
unloading.

tion can produce results that are in good qualitative
agreement with experimental data. A number of inter-
esting observations are directly obtained from the
simulations. For example, the simulations clearly dem-
onstrate a very strong correlation between the average
bond angle and the stress in the system. This observa-
tion does not seem to be very well documented in the
literature, but can easily be understood in terms of the
virial stress theorem.2! The change in average bond
angle with applied deformation is further shown to be
relatively small: applying a true strain of £0.7, for
example, only causes a change in the average bond angle
of about £6°. Similarly the change in chain angle with
applied deformation is also shown to be small. Here,
applying a true strain +0.7 causes a change in chain
angle of about +18°. This observation is in good agree-
ment with the prediction from the eight-chain model.®
From the simulations, it is also possible to follow the
average chain stretch as a function of applied deforma-
tion. It is interesting to note that the average chain
stretch only becomes about 1.2 when the applied stretch
is 2. This observation is also in good agreement with
the eight-chain model. The simulations have also indi-
cated that both in tension and compression the chains
deform in a somewhat affine manner.
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Figure 30. Experimental stress—strain data for chloroprene
rubber.

Since the energy of the system consists of two parts,
bonded and nonbonded contributions, it is possible to
decompose the total stress into contributions from those
two interactions. Results from this decomposition indi-
cate that the bonded component contributes to the
stresses in the principal stretch directions since the
bonds rotate toward the maximum principal tensile
stretch; the nonbonded component contributes in all
directions as they act to maintain the volume and
balance the bonded stress.

In conclusion, molecular simulations of the type used
in this work are an interesting complement to tradi-
tional experiments when developing constitutive equa-
tions. It is particularly interesting to see how many
features of the simulation results are universal, which
do not depend on the particular techniques or param-
eters used in the simulations, and the very good
qualitative agreement with experimental data. In a
future study it would be interesting to extend the work
presented here to include also a more careful investiga-
tion of different cross-linking densities and time-de-
pendent effects as well as studying large deformations
where the limited stretch of the chains is approached
thus enabling a test of inverse Langevin statistics.
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Appendix A. Stress Relaxation Simulation

One common method to characterize both equilibrium
and time-dependent behavior of elastomeric materials
is to run mechanical compression tests of the type shown
in Figures 30 and 31.

These two figures show the response of a chloroprene
rubber subjected to the strain history shown in the inset
of Figure 30.° As indicated in the figures, during
constant strain rate loading the magnitude of the stress
is monotonically increasing, but if the strain is held
constant, the stress starts to relax toward an equilib-
rium value.

The same technique can be used to examine both the
equilibrium and time-dependent behavior of the simu-
lated polymer network. One example loading history
that has been used here is shown in Figure 32. In this
case, the strain was held constant for a normalized
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Figure 32. Applied strain history in the stress relaxation
simulation.

simulation time of 10 when it reached a value of 0.5,
during both loading and unloading. In addition, the
strain was also held constant after the load cycle was
completed.

The evolution in average bond angle with simulation
time is illustrated in Figure 33. From the figure it is
clear that the average bond angle overshoots its equi-
librium value during both loading and unloading and
that during the relaxation segments the average bond
angle starts to approach the strain-dependent equilib-
rium value.

The evolution in chain angle with deformation is
shown in Figure 34, illustrating that the average chain
angle evolves similar to what is predicted from the
eight-chain model. In particular, it remains relatively
constant during the stress relaxation segments.

Figure 35 depicts the evolution in the end-to-end
distance of the same three individual chains shown in
Figure 34. As shown in the figure, the average chain
end-to-end distance is close to the prediction from the
eight-chain model.

Figure 36 depicts the total axial stress as a function
of simulation time. It is clear that behavior of the
simulated network is qualitatively very similar to the
characteristic behavior that is seen in real experiments.
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Figure 35. Chain end-to-end distance as a function of
simulation time.

The deviation between the uploading and unloading
behavior of the simulated network is due to the high
deformation rate relative to the relaxation times of the
network, exactly the same reason the experimental data
in Figures 30 and 31 does not coincide with the equi-
librium behavior. The equilibrium behavior of the
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simulated network can be estimated by considering both
the behavior during uploading and unloading.
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